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Abstract. Let G be a locally compact group with a fixed right Haar measure and X
a separable Banach space. Let Lp(G,X) be the space of X-valued measurable functions
whose norm-functions are in the usual Lp. A left multiplier of Lp(G,X) is a bounded lin-
ear operator on Lp(G,X) which commutes with all left translations. We use the charac-
terization of isometries of Lp(G,X) onto itself to characterize the isometric, invertible,
left multipliers of Lp(G,X) for 1≤ p < ∞, p 6= 2, under the assumption that X is not the
ℓp-direct sum of two non-zero subspaces. In fact we prove that if T is an isometric left
multiplier of Lp(G,X) onto itself then there exists a y ∈G and an isometry U of X onto
itself such that T f (x) =U(Ry f )(x). As an application, we determine the isometric left
multipliers of L1
⋂
Lp(G,X) and L1
⋂
C0(G,X) where G is non-compact and X is not
the ℓp-direct sum of two non-zero subspaces. If G is a locally compact abelian group
and H is a separable Hilbert space, we define Ap(G,H)= { f ∈ L1(G,H): ˆf ∈ Lp(Γ,H)}
where Γ is the dual group of G. We characterize the isometric, invertible, left multipliers
of Ap(G,H), provided G is non-compact. Finally, we use the characterization of isome-
tries of C(G,X) for G compact to determine the isometric left multipliers of C(G,X)
provided X∗ is strictly convex.
Keywords. Locally compact group; Haar measure; Banach space-valued
measurable functions; isometric multipliers.
1. Introduction
Let G be a locally compact group with right Haar measure µ . Suppose X is a separable
Banach space. If 1 ≤ p < ∞, let Lp(G,X) be the space of X-valued measurable functions
F such that
∫
G ‖F(x)‖p dµ < ∞. The p-norm of F is defined by [
∫
G ‖F‖p dµ ]1/p. In case
X is a one-dimensional complex Banach space, Lp(G,X) is denoted by Lp(G).
The left and right translation operators Lg and Rg are defined by (LgF)(x) = F(gx)
and (RgF)(x) = F(xg). A left multiplier of Lp(G,X) is a bounded linear operator on
Lp(G,X) which commutes with all left translations. The main result of this paper gives
a characterization of the isometric, invertible, left multipliers of Lp(G,X) for 1 ≤ p <
∞, p 6= 2, under the assumption that X is not the ℓp-direct sum of two non-zero subspaces.
More precisely we shall prove the following theorem.
Theorem 1. Let G be a locally compact group and T an isometric, invertible, left mul-
tiplier on Lp(G,X) for 1 ≤ p < ∞, p 6= 2. Suppose that X is not the ℓp-direct sum of two
non-zero subspaces. Then there exists an isometry U of X onto itself and y ∈ G such that
T is of the form
(T F)(x) =URyF(x).
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Wendel [7] proved this result for L1(G) in 1952. Later Strichartz [6] and Parrot [4] proved
it for Lp(G) if 1 ≤ p < ∞, p 6= 2.
Let G be a non-compact locally compact group. If f ∈ L1 ⋂Lp(G,X), we define ‖ f‖=
‖ f‖1 + ‖ f‖p. Then L1 ⋂Lp(G,X) is a Banach space with this norm. Similarly for f ∈
L1
⋂
C0(G,X), we define ‖ f‖ = ‖ f‖1 + ‖ f‖∞. Then L1 ⋂C0(G,X) is a Banach space. In
both cases, we shall show that if T is an isometric, invertible, left multiplier, then T is of
the form
(T f )(x) =URy f (x).
If G is a locally compact abelian group and H is a separable Hilbert space, we define
Ap(G,H) = { f ∈ L1(G,H): ˆf ∈ Lp(Γ,H)} where Γ is the dual group of G. For f ∈
Ap(G,H), we define ‖ f‖= ‖ f‖1 +‖ ˆf‖p. Ap(G,H) is a Banach space with this norm. We
will prove that if T is an isometric, invertible, left multiplier, then T is of the form
(T f )(x) =URy f (x).
Let G be a compact group and X be a separable Banach space. C(G,X) denotes the
Banach space of continuous X-valued functions. Using the characterization of isometries
of C(G,X), we will prove that if T is an isometric, invertible, left multiplier, then T is of
the form
(T F)(x) =URyF(x).
provided X∗ is strictly convex.
2. Preliminaries
Let (Ω,Σ,µ) be a measure space. Suppose Σ′ is the σ -ring generated by the sets of σ -
finite measure. A mapping Φ of Σ′ onto itself, defined modulo null sets, is said to be a
regular set isomorphism if
1. Φ(A\A′) = Φ(A)\Φ(A′) for A,A′ ∈ Σ′.
2. Φ(
⋃
∞
n=1 An) = (
⋃
∞
n=1 Φ(An), where {An} is a sequence of disjoint sets in Σ′.
3. µ(Φ(A)) = 0 iff µ(A) = 0.
A regular set isomorphism induces a linear map on X-valued measurable functions. If
A ∈ Σ′ and x ∈ X , define Φ(χA)(x) = χΦ(A)x where χA is the characterstic function of A.
This extends linearly to simple functions. Let f be an X-valued measurable function. Then
there exists a sequence { fn} of simple functions converging to f in measure. Then {Φ( fn}
is a Cauchy sequence in measure and hence converges to a measurable function Φ( f ). It
is easy to show that Φ( f ) depends only on f and not on the particular sequence { fn}.
We also note that any Σ′-measurable function is also Σ-measurable and any Σ-
measurable function with σ -finite support is Σ′-measurable. Thus the spaces of Σ′ and Σ
measurable functions with σ -finite support coincide.
If Φ is a regular set isomorphism, define a measure ν by ν(A) = µ(Φ−1(A)). The
measure ν is absolutely continuous with respect to µ . Let h = ((dν)/dµ)1/p. It is easy to
see that h is a function on Ω whose restriction to any measurable set of σ -finite measure
is measurable. Further, if f ∈ Lp(Ω,X), then hΦ( f ) ∈ Lp(Ω,X) and ‖hΦ( f )‖p = ‖ f‖p.
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We say that a Banach space X is the ℓp-direct sum of two Banach spaces X1 and X2 if
X is isometrically isomorphic to X1
⊕
X2 where the norm on the direct sum is given by
‖x1
⊕
x2‖= {‖x1‖
p + ‖x2‖
p}1/p.
Our main tool for the proof of the main result is a theorem of Sourour [5]. We state it in
a form slightly different from that of [5], but virtually no modification of the proof given
there is necessary. The assumption that Ω is σ -finite is not needed for our conclusion
because every function in Lp(Ω,X) has σ -finite support.
Theorem S. Let (Ω,Σ,µ) be a measure space and T be an isometry of Lp(Ω,X) onto
itself. Suppose X is not the ℓp-direct sum of two non-zero Banach spaces. Then there exists
a regular set isomorphism Φ of Σ′ onto itself, a measurable function h on Ω and a strongly
measurable map S of Ω into the Banach space of bounded linear maps of X into X with
S(t) a surjective isometry of X for almost all t ∈Ω, such that
T (F(t)) = S(t)h(t)Φ(F)(t)
for F ∈ Lp(Ω,X) and almost all t ∈ Ω.
3. Isometric multipliers of Lp(G,X)
In this section we characterize the isometric, invertible, left multipliers of Lp(G,X).
Proof of Theorem 1. Let T be an isometric, invertible, left multiplier of Lp(G,X). It fol-
lows from Theorem S that
TF(t) = h(t)S(t)Φ(F)(t) a.e.
for every F ∈ Lp(G,X).
Let A(t) = h(t)S(t) ∀t ∈ G. Fix s ∈ G. We will show that LsA(t) = A(t). If this is not
true, then there exists a set E of positive finite measure such that A(st) 6= A(t) ∀t ∈ E .
The sets sΦ−1(E) and Φ−1(sE) may be of σ -finite measure. But by choosing a suitable
subset E still of positive finite measure, we can assume that sΦ−1(E) and Φ−1(sE) are
of positive finite measure. Having done this, let F = sΦ−1(E)
⋃
Φ−1(sE). Then ∀t ∈ E ,
st ∈ sE ⊆ Φ(F) and E ⊆ Φ(s−1F). Now for t ∈ E and x ∈ X ,
Ls(T χFx)(t) = T (χF x)(st)
= χΦ(F)(st)A(st)(x)
= A(st)(x).
Also,
T (LsχFx)(t) = T (χs−1F x)(t)
= χΦ(s−1F)(t)A(t)(x)
= A(t)(x).
Since LsT = T Ls, it follows that A(st)(x) = A(t)(x) for almost all t ∈ E . By choosing a
countable dense set {xn}∞n=1 in X , we conclude that
A(st)(x) = A(t)(x)
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for almost all t ∈ E and all x ∈ X . But this is a contradiction. Hence
A(st) = A(t)
for almost all t ∈ G. Therefore for each x ∈ X ,
h(t)S(t)(x) = h(st)S(st)(x)
for almost all t ∈ G. Since S(t) is an isometry of X onto itself and h(t)≥ 0, we have
h(st) = h(t)
for almost all t ∈ G. This implies that h is a constant, say k. It also follows that
S(st) = S(t)
for almost all t ∈G. Hence S is also a constant operator, say V . Therefore, T is an isometric
multiplier of Lp(G,X) onto itself for all p, in particular for p = 1. Now fix x ∈ X such that
‖x‖= 1. Then for f ∈ L1(G),
LsT ( f x) = LskV Φ( f )x = LsΦ( f )kV (x)
and
TLs( f x) = kV Φ(Ls f )x = Φ(Ls f )kV (x).
Hence LsΦ( f ) = Φ(Ls( f )). This implies that the map f −→ kΦ( f ) is an isometric multi-
plier of L1(G) onto itself. Hence by Wendel’s characterization there exists an s ∈G and a
scalar c such that |c|= 1 for which we have
kΦ( f )(t) = c f (ts).
Let U = kV . Then U is an isometry of X onto itself such that T =U ◦Rs and
(T F)(t) =UF(ts)
for almost all t ∈ G and all F ∈ Lp(G,X). This completes the proof of the theorem. ✷
We shall now show that the condition that X is not an ℓp-direct sum is a necessary (as
well as a sufficient) condition for the conclusion of Theorem 1 to hold. In fact, we prove
the following theorem.
Theorem 2. Let X be a separable Banach space which is ℓp-direct sum of two non-zero
subspaces of X. Then there exists an isometric, invertible, left multiplier T of Lp(G,X)
which is not of the form U ◦Ry for any isometry U of X and y ∈G.
Proof. Suppose X = X1⊕p X2. Then
Lp(G,X) = Lp(G,X1)⊕p Lp(G,X2).
Choose z ∈ G where z is not the identity element of G. Define T by
T ( f1 ⊕ f2) = f1⊕Rz f2.
Then it is easy to verify that T is an isometric, invertible, left multiplier of Lp(G,X) which
is not of the form U ◦Ry for any isometry U of X and y ∈ G. ✷
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4. Isometric multipliers of L1∩Lp(G,X) and L1∩C0(G,X)
In this section we assume that G is non-compact and X is not an ℓp-direct sum of two
non-zero subspaces of X . We will prove that if T is an isometric, invertible, left multiplier
of L1∩Lp(G,X) or L1∩C0(G,X) then T is of the form U ◦Ry for some isometry U of X
and y ∈ G.
The proof of the following proposition is similar to the proof of Theorems 3.5.1 and
3.5.2 in [2] and hence omitted.
PROPOSITION 3.
Suppose G is non-compact. If T is a left multiplier of L1∩Lp(G,X) or L1∩C0(G,X) then
T has a unique extension to L1(G,X) as a left multiplier such that ‖T f‖1 ≤ ‖T‖‖ f‖1,
where ‖T‖ is the norm of T as an operator on L1∩Lp(G,X) or L1∩C0(G,X).
We now prove the characterization of an isometric, invertible, left multiplier of L1 ∩
Lp(G,X) or L1∩C0(G,X).
Theorem 4. Suppose G is non-compact and X is not ℓp-direct sum of two non-zero sub-
spaces of X. If T is an isometric, invertible, left multiplier of L1 ∩ Lp(G,X) or L1 ∩
C0(G,X) then T is of the form U ◦Ry for some isometry U of X and y ∈G.
Proof. Since T and T−1 are both isometric multipliers of L1∩Lp(G,X) or L1∩C0(G,X),
it follows from Proposition 3 that T extends to L1(G,X) as an isometric left multiplier.
Therefore by Theorem 1, there exists an isometry of X onto itself and y ∈ G such that
T =U ◦Ry. ✷
5. Isometric multipliers of Ap(G,H)
Let G be a locally compact Abelian group and H be a separable Hilbert space. We define
the Fourier transform of f ∈ L1(G,H) by
ˆf (γ) =
∫
G
γ(x) f (x)dx,
where γ ∈ Γ, the dual group of G. Given a Haar measure on G there exists a unique Haar
measure on Γ such that the map f → ˆf is an isometry of L1 ∩ L2(G,H) into L2(Γ,H)
and extends to an isometry of L2(G,H) onto L2(Γ,H). The Fourier–Plancherel formula
‖ ˆf‖2 = ‖ f‖2 holds for f ∈ L2(G,H), see [1].
For f ∈ Ap(G,H), we define ‖ f‖ = ‖ f‖1 + ‖ ˆf‖p. Then Ap(G,H) is a Banach space.
We note that left and right translates mean the same for Abelian groups. Suppose G is
non-compact. We will prove that if T is an isometric and invertible multiplier of Ap(G,H)
then T =U ◦Ry, where U is an isometry of H onto itself and y ∈G.
The proof of the following Proposition is similar to the argument in the proof of Theo-
rem 6.3.1 in [2] where it is shown that if T is a multiplier of Ap(G) then ‖T f‖1 ≤‖T‖‖ f‖1
for f ∈ Ap(G), where ‖T‖ denotes the operator norm of T . The necessary modifications
are easy and hence we omit the details.
PROPOSITION 5.
Let G be a non-compact locally compact Abelian group and 1 ≤ p < ∞. Suppose T is a
multiplier of Ap(G,H) then ‖T f‖1 ≤ ‖T‖‖ f‖1 for f ∈ Ap(G,H).
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We now prove the characterization of isometric multipliers of Ap(G,H).
Theorem 6. Let G be a non-compact locally compact Abelian group and 1 ≤ p < ∞.
Suppose T is an isometric multiplier of Ap(G,H). Then there exists a unique y ∈ G and
an isometry U of H onto itself such that T =U ◦Ry.
Proof. Let T be an isometric multiplier of Ap(G,H). Then T−1 is also an isometric mul-
tiplier and we conclude from Proposition 5 that ‖T f‖1 = ‖ f‖1 for every f ∈ Ap(G,H).
It follows that T extends to L1(G,H) as an isometric multiplier of L1(G,H). Hence, by
Theorem 1, there exists an isometry U of H onto itself and y ∈ G such that T =U ◦Ry.
✷
6. Isometric multipliers of C(G,X)
In this section we describe the isometric, invertible, left multipliers of C(G,X) where G is
a compact group and X∗ is strictly convex. The space C(G,X) consists of all continuous
X-valued function and is a Banach space under the supremum norm. The norm of f ∈
C(G,X) will be denoted by ‖ f‖∞. For the space X , we denote the set of isometries of
X onto itself by I(X). The isometries of C(G,X) were characterized by Lau [3]. He has
shown that if T is an isometry of C(G,X) onto itself, then there exists a homeomorphism
φ of G onto itself and a continuous map λ : X → I(X) (with the strong operator topology)
such that
T f (t) = λ (t) f (φ(t)).
Using this characterization of isometries of C(G,X), we prove the following:
Theorem. Let T be an isometric, invertible, left multiplier of C(G,X). Then there exists
an isometry U of X onto itself and y ∈G such that T =U ◦Ry.
Proof. Since T is an isometry of C(G,X), there exists a continuous map λ : X → I(X) and
a homeomorphism φ of G onto itself such that
T f (s) = λ (s) f (φ(s)) ∀s ∈ G.
Fix x ∈ X and let f (s) = x ∀s ∈ G. Then
TLt f (s) = λ (s) f (t(φ(s)) (1)
and
LtT f (s) = λ (ts) f (φ(ts)). (2)
Since T Lt = LtT , it follows that λ (s)(x) = λ (ts)(x). Since x∈ X is arbitrary, we conclude
that λ (ts) = λ (s) ∀s, t ∈ G. Hence there exists an isometry U of X onto itself such that
λ (s) =U ∀s ∈ G. Therefore
T f (s) =U f (φ(s)) ∀ f ∈C(G,X).
Let g ∈C(G) and x ∈ X . Define f by f (s) = g(s)x ∀s ∈ G. Then (1) and (2) imply that
g(tφ(s)) = g(φ(ts)) ∀g ∈C(G).
Since C(G) separates points, we conclude that tφ(s) = φ(ts) ∀s, t ∈ G. Let s be the iden-
tity element of G. Then φ(t) = tφ(e). Let us denote φ(e) by y. Then we have T f (s) =
U f (sy) ∀ f ∈C(G,X) and s ∈ G. Therefore we have T =U ◦Ry. ✷
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